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We consider a bipartite scenario where two parties hold ensembles of 1/2-spins which can only
be measured collectively. We give numerical arguments supporting the conjecture that in this
scenario no Bell inequality can be violated for arbitrary numbers of spins if only first order moment
observables are available. We then give a recipe to achieve a significant Bell violation with a split
many-body system when this restriction is lifted. This highlights the strong requirements needed
to detect bipartite quantum correlations in many-body systems device-independently.
I. INTRODUCTION
In a Bell test, distinct parties initially share a re-
source such as a quantum state. They are then given
measurement settings that they use to obtain measure-
ment outcomes. The joint statistics of their outcomes,
conditioned on the settings, can then be used to reveal a
number of properties. For instance, it can be shown that
certain statistics are not compatible with pre-established
agreements, as highlighted by the violation of a Bell
inequality [1]. Recently, a theoretical demonstration
showed that some many-body quantum states are able
to violate multipartite Bell inequalities [2–4]. So far, no
violation of these inequalities could be observed exper-
imentally due to the challenge of addressing individual
spins in a large ensemble. Nevertheless, witnesses were
constructed and used to demonstrate the presence of
Bell correlations in such states, i.e. their capacity to
violate a Bell inequality [5–7]. While such states are
quite different from the quantum states often considered
in the studies of Bell nonlocality, they are of particular
relevance to many-body physics. It is then a natural
question to ask whether a true Bell violation could be
observed with such states.
Here, we make a step in this direction by considering
the simple scenario in which hundreds of 1/2-spins are
split among just two protagonists, Alice and Bob. We
then ask whether a Bell violation could be observed
when the parties are restricted to perform collective
measurements on their 1/2-spin ensembles. Such a
violation would provide a strong demonstration that
mesoscopic systems can behave differently from the
predictions of classical physics. Indeed, this conclusion
would hold without the need to assume a quantum
description of the setup. In particular, this conclusion
would be independent of the Hilbert space dimension
and of the proper calibration of the measurement
device. For this reason, Bell tests performed on systems
involving many spins are particularly appealing to show
the limit of classical physics for describing mesoscopic
systems.
Bell tests involving collective measurements on many-
body states could in principle be realized with a Bose-
Einstein condensate. The basic idea is to use controlled
interactions between the constituent bodies to create
non-classical correlations between the internal states of
these constituents [8, 9], the later being essentially 1/2-
spins. These spins could then be distributed [10, 11] be-
tween Alice and Bob – nA spins for Alice and nB for
Bob – before being measured, see Fig. 1. The experi-
ment would then be repeated many times so that Alice
and Bob can assess the expectation values of measure-
ment results and demonstrate the Bell violation. In such
a system, however, each protagonist can only measure
his ensemble of particles collectively, that is, Alice can
perform measurements of the form
Jˆ lα =
1
2
nl∑
k=1
~α.~σ
(k)
l , with l = A. (1)
~σ
(k)
l is a vector having the 3 Pauli matrices as compo-
nents and ~α is a unit length vector with components αx,
x = {1, 2, 3} fixing the measurement setting. The form
of Bob’s measurements, with l = B, is the same but the
direction is labeled by ~β. The eigenvalues of Jˆ lα/β are
−nl2 , ..., nl2 and correspond to the possible measurement
outcomes. The remaining question is what is the Bell
inequality to be tested in such a scenario? We first focus
on the simplest case where only first order moments of
local collective spin observables, that is, 〈JˆAα 〉, 〈JˆBβ 〉 and
〈JˆAα JˆBβ 〉 can be evaluated. We then extend our analysis
beyond this restriction.
While entanglement witnesses have been intensively
studied in this scenario with first order moments [12–14],
few results are known with respect to Bell nonlocality.
One noticeable exception is Ref. [15] where authors
showed that bipartite correlations issued from first order
collective measurements can be reproduced by a local
model if the number of measurement settings is smaller
or equal to nA for Alice and nB for Bob. Beyond
first order moments, it is worth noting that the use of
collective measurements to violate a Bell inequality was
also considered recently for a specific class of state with
a strong tensor structure [16, 17]. The state that we are
interested in here are however very different: they do
not admit any tensor structure but rather are typically
symmetric under spin exchange.
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Figure 1: Schematic representation of the scenario we con-
sider, Alice and Bob have respectively nA and nB indistin-
guishable spin 1
2
and can measure them collectively with ob-
servables JˆAα and Jˆ
B
β .
In section II, we give numerical arguments suggesting
that such a bipartite Bell violation may not be possible
when considering only first order moments. We then
show in section III that a Bell inequality can be violated
if each party performs parity measurements. We con-
clude in section IV.
II. ATTEMPTS TO FIND A BI-PARTITE BELL
CORRELATION WITNESS INVOLVING ONLY
FIRST ORDER MOMENTS OF LOCAL
COLLECTIVE SPIN COMPONENTS
A. Bell inequalities and Bell-correlation witnesses
Let us focus on a Bell scenario in which Alice and Bob
each have a measurement box with m inputs Ai and Bj
i, j ∈ [1, . . . ,m] and N spins locally, i.e. N + 1 possible
outcomes −N2 ,−N2 + 1 . . . , N2 . We consider Bell inequal-
ities of the form
Bwˆ,~va,~vbN,m =
m∑
i,j
wij〈AiBj〉+
m∑
i
vai〈Ai〉+
m∑
j
vbj 〈Bj〉
≤ `wˆ,~va,~vbN,m . (2)
〈Ai〉 for example is the expectation value of outcomes for
Alice’s measurement corresponding to the input Ai. wij ,
vai and vbj are weights, all taken in the interval {-1,1}
without lost of generality. `wˆ,~va,~vbN,m is the local bound,
that is, the maximum value that the left hand side can
take when considering bi-partite correlations steming
from local models. This bound depends on the number
of inputs and outcomes and on the weights, possibly in
a non-trivial way, c.f. below.
Note that if we assign to each input an observableAi →
JˆAαi , one can associate to each instance of the inequality
(2) a Bell operator
Bwˆ,~va,~vbN,m =
m∑
i,j
wij Jˆ
A
αi Jˆ
B
αj +
m∑
i
vai Jˆ
A
αi +
m∑
j
vbj Jˆ
B
βj (3)
so that a violation of
〈Bwˆ,~va,~vbN,m 〉 − `wˆ,~va,~vbN,m ≤ 0 (4)
witesses bi-partite Bell correlations. Interestingly, the
expression 〈Bwˆ,~va,~vbN,m 〉 might be simpler to evaluate ex-
perimentally than Bwˆ,~va,~vbN,m . As an example, consider the
simplest case N = 1, m = 2, wij = (−1)i+j−1 and
vai = vbj = 0 ∀i, j leading to the well known Clauser,
Horne, Shimony, and Holt (CHSH) inequality [18] for
which the local bound is 2, that is,
〈A1B1〉+ 〈A2B1〉+ 〈A1B2〉 − 〈A2B2〉 ≤ 2. (5)
Assigning A1 to σx, A2 to σz, and B1/2 to (σx ± σz)
√
2
which correspond to the setting choice maximizing the
CHSH value for the singlet, we get the Bell-correlation
witness
〈σxσx〉+ 〈σzσz〉 ≤
√
2. (6)
The latter can be evaluated with two collective measure-
ments while the former requires the assessment of four
correlators.
Recently, such a reduction in the number of measure-
ments, applicable when assuming that the measurements
are known and trusted, was used to transform a Bell
inequality involving an unbounded number of settings
into a witness with only two global measurements [3].
It was also used to show that the Svetlichny inequality
[19], which is a Bell inequality for N parties requiring the
measurement of 2N correlators, reduces to a negativity
condition on the mean value of an observable that can
be evaluated with 2 measurement settings only [7].
There are thus at least two reasons for looking for
Bell inequalities of the form (2) despite the result from
[15] stating that no such inequality can be violated in
our setting when the number of settings is less than
the number of local spins, i.e. m ≤ N . First, for
every fixed value of N , there can exist a finite value
of m > N potentially allowing for a Bell violation.
Second, in a scenario in which one would be happy to
trust the quantum description of the measurements, a
Bell inequality with m > N , although involving a large
number of settings could lead to a witness for bipartite
Bell correlations that would require a maximum of three
measurements per party. Such a witness would allow for
the detection of a strong form of quantum correlations
in many-body systems. Compared to previously known
Bell correlation witnesses which only demonstrate the
presence of some form of Bell correlations among a large
3number of spins, this witness would demonstrate Bell
correlations between two well-identified spin ensembles:
between Alice’s set of spins and Bob’s. We show in
the next two subsections how to compute the local and
quantum bounds respectively.
B. Local bound
In order to determine the local bound `wˆ,~va,~vbN,m of the
inequality (2), one has to consider all possible local
deterministic strategies, that is, strategies assigning
locally an outcome taken from {−N2 ,−N2 + 1, ..., N2 }
for each of the m settings. The local bound is simply
the largest value that can be obtained from these
deterministic strategies. On paper, it is sufficient to
list all possible deterministic strategies to find the local
bound. However, there are (N + 1)2m deterministic
strategies, which makes the computation of the local
bound complicated even for small N and m.
The number of relevant deterministic strategies is
strongly reduced given the linearity of the inequality (2)
with respect to the outcomes of Alice and Bob. To see
this, let us consider an arbitrary deterministic strategy
fixing the outcomes of Bob. The value of Bwˆ,~va,~vbN,m is ob-
tained from a quantity of the form
m∑
i
αi〈Ai〉+ C (7)
where αi = vai +
∑
j wij〈Bj〉 and C =
∑m
j vbj 〈Bj〉. The
maximum value of (7) is achieved for Ai = sign(αi)
N
2
and the same holds for Bob. This means that the
optimal deterministic strategy is such that Ai, Bj = ±N2∀i, j. Remarkably, this observation applies to all Bell
inequalities of the form (2): the maximum local value of
such inequalities can be obtained by strategies involving
only the two extremal outcomes, for all coefficients
wij , vai , vbj . Conversely, it is possible to design an
inequality of the form (2) whose local bound is achieved
by only one such strategy. This implies that the
extremal vertices of the local polytope within the space
parametrized by 〈Ai〉, 〈Bj〉 and 〈AiBj〉 are strategies
assigning value ±N2 to all Ai, Bj . This polytope is thus
isomorphic to the bipartite Bell scenario with m settings
and 2 possible outcomes. The number of extremal
strategies for this polytope is 22m, which is independent
of the number of spins N .
In order to make the local bound independent of the
number of spins we rescale the possible outcomes of Ai
and Bj by N , defining ai = Ai/N , bj = Bj/N . This
means that we now consider Bell inequalities of the form
B
′wˆ′,~v′a,~v′b
N,m =
m∑
i,j
w′ij〈aibj〉+
m∑
i
v′ai〈ai〉+
m∑
j
v′bj 〈bj〉
≤ `′wˆ′,~v′a,~v′bm , (8)
where this time the N + 1 possible outcomes of Alice
and Bob take value in − 12 ,− 12 + 1N , . . . , 12 . For some
parameters wˆ′, ~v′a, ~v
′
b, the local bound `
′wˆ′,~v′a,~v′b
m of this
Bell expression is achieved by considering the 22m
local strategies for which ai, bj = ± 12 . This bound
remains valid for all N . The local bound of the
un-normalized Bell inequality (2) is then given by
`wˆ,~va,~vbN,m = `
′N2wˆ,N~va,N~vb
m .
The Bell operator corresponding to this inequality can
be built in terms of the re-normalized spin operators
jˆlα =
1
N
Jˆ lα = ~α · ~sl, (9)
with eigenvalues between − 12 and 12 , where
~sl =
1
2N
N∑
k=1
~σ
(k)
l (10)
are the normalized spin projections:
B
′wˆ′,~v′a,~v′b
N,m =
m∑
i,j
w′ij jˆ
A
αi jˆ
B
αj +
m∑
i
v′ai jˆ
A
αi +
m∑
j
v′bj jˆ
B
βj . (11)
This operator is such that a violation of the inequality
〈B′wˆ′,~v′a,~v′bN,m 〉 − `′wˆ
′,~v′a,~v
′
b
m ≤ 0 (12)
witnesses Bell correlations.
We thus focus now on Bell inequalities of the form
(8). This form has the advantage that the local bound is
independent of N . Once the local bound of such a Bell in-
equality is found, we want to show that it is a non-trivial
Bell inequality by checking that it can be violated, that
is, it admits a quantum value larger than its local bound.
C. Collective qubit bound
The maximal value of the inequality achievable by a
quantum states of N plus N 12 -spins with local collective
measurements maxρN Tr
(
ρNB
′wˆ′,~v′a,~v′b
N,m
)
can be obtained
by finding the maximum eigenvalue of the operator
B
′wˆ′,~v′a,~v′b
N,m for all possible setting choice αi, βj . As we
show below, the quantum bound 〈B′wˆ′,~v′a,~v′bN,m 〉 decreases
with N . Given this and the fact that the local bound is
4independent of N , we focus on the case N = 2. Finding
no Bell violation for N = 2 and an arbitrary number of
settings is sufficient to show that there is no non-trivial
Bell inequality for any N. We start by showing that
indeed, the quantum bound 〈Bwˆ,~va,~vbm 〉 decreases with N.
The Bell operator B′wˆ
′,~v′a,~v
′
b
N,m can be written in terms
of the normalized spin projections as
B′wˆ
′,~v′a,~v
′
b
N,m = ~sA · Wˆ · ~sB + ~sA · ~VA + ~sB · ~VB (13)
where Wˆ is a 3×3 matrix having elements W xy given by
W xy =
m∑
i,j=1
w′ijα
x
i β
y
j , (14)
~VA is a vector with 3 components defined by
V xA =
∑
i v
′
aiα
x
i and similarly for
~VB .
We now use ~k = (k1, k2, . . . , kM ) with 1 ≤ ki < ki+1 ≤
N to denote a subset of M < N spins and introduce the
normalized spin observables over these spins
~u
~k
l =
1
2M
M∑
i=1
~σ
(ki)
l . (15)
This allows us to write our Bell operator for two sets ~k
and ~k′ of M spins as
O
~k,~k′ = ~u
~k · Wˆ · ~u~k′ + ~u~k · ~VA + ~u~k′ · ~VB . (16)
Noticing that the spin projections for M spins satisfy
∑
~k
~u
~k
l =
1
2M
∑
~k
M∑
i=1
~σ
(ki)
l
=
1
2M
(
N − 1
M − 1
) N∑
k=1
~σ
(k)
l
=
(
N
M
)
~sl
(17)
where the sum on ~k runs over all choices of M spins
within the N spins, we obtain
∑
~k,~k′
O
~k,~k′ =
(
N
M
)2
B
′wˆ′,~v′a,~v′b
N,m . (18)
Therefore, the maximum quantum value of the Bell op-
erator for M < N spins per side bounds the value of the
Bell operator with N spins:
max
ρN
Tr
(
ρNB
′wˆ′,~v′a,~v′b
N,m
)
=
(
N
M
)−2
max
ρN
Tr
ρN∑
~k,~k′
O
~k,~k′

=
(
N
M
)−2
max
ρN
∑
~k,~k′
Tr
(
ρNO
~k,~k′
)
≤
(
N
M
)−2∑
~k,~k′
max
ρN
Tr
(
ρNO
~k,~k′
)
= max
ρN
Tr
(
ρNO
~k,~k′
)
= max
ρM
Tr
(
ρMB
′wˆ′,~v′a,~v′b
M,m
)
,
(19)
where to go from the second to the third line, we let
the optimization over the state be independent for each
term in the sum. This shows that the maximal value
of 〈B′wˆ′,~v′a,~v′bm 〉 achievable with collective 1/2-spin mea-
surements can only decrease with the number of spins N .
D. Numerical results
Let us start this subsection by a summary of the
two previous subsections: (i) The local bound of an
inequality of the form (8) is independent of the number
of possible outcomes (ii) Assuming collective measure-
mens on 12 -spins, the quantum bound decreases while
increasing the number of spins (or outcomes). Together,
these two statements imply that if a Bell inequality
of the form (8) cannot be violated by performing
collective measurements on an arbitrary state containing
N particles on each side, then it is also impossible to
violate it by performing collective measurements on a
state with more than N particles on each side. Since
the CHSH inequality is a non-trivial Bell inequality with
N = 1 spin locally, we focus on the case with N = 2
spins locally. We know from Ref. [15] that in this
case, one needs at least 3 measurements settings locally
to circumvent known local models and thus possibly
violate a Bell inequality of the form (8) with collective
measurements.
In the case of 3 measurement settings, there is only
one relevant Bell inequality with two outcomes [20].
Interpreting this inequality in terms of the normalized
correlators of Eq. (8), we easily compute the maximum
quantum value that a state of 4 particles (2 at each lo-
cation) can achieve for this inequality by optimizing the
maximal eigenvalue of the corresponding Bell operator
as a function of the measurement settings. We find that
this inequality is not violated (up to the accuracy of
the computation) with collective spin measurement of 2
particles at each side. This implies that this inequality
5is likely not to admit a violation with collective spin
measurement irrespectively of the number of spins per
side.
We now consider the case of 4 measurement settings.
In this case, the full polytope with binary outcomes
has been recently shown to contain 175 different
orbits up to relabellings of parties, inputs and out-
puts [21, 22]. By gathering inequalities known in the
litterature[18, 20, 23–31], plus some other inequalities
found by ourselves and by colleagues, we obtained a
description of 175 such inequivalent families. They thus
provide a full description of our polytope. We provide a
list of these inequalities in the appendix. Focusing on
these inequalities we computed the quantum bound as
before with N = 2 spins locally but with 4 measurements
locally. We did not find any violation, which suggests
that no inequality of the form (8) with m = 4 can be
violated by collective spin observables.
For the case of 5 settings, the local polytope is not
known even for the simplest case of binary outcomes. We
thus proceed differently. This time, we sample different
inequalities of the form (8), that is, we choose ω′ij , v
′
ai
and v′bj at random and computed both the local bound
and the quantum bound. Note that this time we are not
restricting ourselves to binary outcomes. We test 400
000 Bell inequalities with 4ω′ij , 2v
′
ai and 2v
′
bj
distributed
uniformly in [−1, 1]. We do not find any violation.
Repeating the same procedure for 6 settings locally,
we again don’t find any non-trivial Bell inequality. 6
settings is the maximum we succeeded to do because it
becomes increasingly expensive to find the maximum
quantum value. Also the parameter space increases with
the number of settings, so one would require more and
more random trials to span the space of inequalities when
the number of settings increases. Still, altogether this
suggests that none of the inequalities of the form (8) can
be violated by collective spin measurements when N ≥ 2.
We have presented numerical arguments suggesting
that it is not possible to violate an inequality of the
form (8) with collective spin measurements with 3, 4,
5 and 6 measurements settings whenever the number
of spins locally is larger than two. In the next section,
we show that the violation of a bipartite Bell inequality
is possible when parity measurements are performed
locally, for all spin number N .
III. PROPOSAL FOR THE VIOLATION OF A
BI-PARTITE BELL INEQUALITY WITH PARITY
MEASUREMENTS
A. The scenario
The scenario is similar to the one before. An ensem-
ble of 1/2-spins is created in a quantum state before
being shared between Alice and Bob. Each of them
performs collective measurements of their spins Jˆ lα but
in opposition to the scenario of the previous section,
there is no limit on the order of moments of collective
spin components that can be measured. We assume in
particular that Alice and Bob can assess precisely the
parity of the measurement outcome at each run.
Concretely, we consider an ensemble of N 1/2-spins en-
coded in the internal degree of atoms, that is, two atomic
states 1 and 2. These spins are located in Alice’s location.
We thus call aˆi and aˆ
†
i with i ∈ {1, 2} the bosonic oper-
ators associated to each spin states so that the collective
spin projections can be written as
JˆAx =
1
2
(aˆ†1aˆ2 + aˆ1aˆ
†
2), (20)
JˆAy =
1
2i
(aˆ†1aˆ2 − aˆ1aˆ†2), (21)
JˆAz =
1
2
(aˆ†1aˆ1 − aˆ†2aˆ2). (22)
We further consider that initially the spins point in the x
direction and then undergoes one-axis twisting [32, 33].
This results in a spin-squeezed state
|ψ〉 = 1√
N
e−iχt(Jˆ
A
z )
2
e−i
pi
2 Jˆ
A
y aˆ†N1 |0〉 (23)
where |0〉 is the vacuum state for all modes. The parti-
cles are then shared between Alice and Bob with a beam
splitter type Hamiltonian, that is
|φ〉 = epi4 (aˆ†1bˆ1+aˆ†2bˆ2−h.c.) |ψ〉 . (24)
Here bˆi and bˆ
†
i are bosonic operators for the spins located
at Bob’s location. In practice, each of these steps can
be realized with a Bose-Einstein condensate where spin
squeezing can be created using elastic collisions in state
dependent potentials [8, 9]. The spatial splitting can then
be done by slowly raising a barrier in a state-independent
potential as in Refs. [10, 11].
B. Probability distribution
Alice and Bob are sharing the state |φ〉 and want to
compute the value of the CHSH quantity using measure-
ments JˆAα and Jˆ
B
β where each setting is specified by two
angles {θl, φl} via ~α = (sin θα cosφα, sin θα sinφα, cos θα)
and similarly for ~β. Let |ma, na − ma〉 be the state of
6N=6
N=10
2 2.2 2.4 2.6 2.8
0
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Figure 2: Violation of inequality (5) for a spin squeezed state
|φ〉 with 6 and 10 atoms as a function of the squeezing pa-
rameter χt
Alice with a total spin number na and ma excita-
tions in the state 2. Since JˆAz is half the population
difference between the spin states 1 and 2, we have
JˆAz |ma, na − ma〉 = 12 (na − 2ma)|ma, na − ma〉.
Since any operators JˆAα is linked to Jˆ
A
z by a uni-
tary, we can express its eigenstates as a func-
tion of |ma, na − ma〉 through |mαa , na −mαa 〉 =∑na/2
k=−na/2D
na
k,ma
(θa, φa) |na−2k2 , na+2k2 〉 where
Dnak,ma(θa, φa) is similar to a Wigner matrix:
e−iφAk 〈na − 2k
2
,
na + 2k
2
| e−iθAJˆAy |ma, na −ma〉 . (25)
The same basis {|ma, na −ma〉} can also be used to ex-
press the state that Alice and Bob share, that is |φ〉 can
be written as
1
2N
N∑
m=0
m∑
k=0
N−m∑
l=0
Cm,k,l |k, l〉A |m− k,N −m− l〉B
(26)
where Cm,k,l =
√(
m
N
)(
k
m
)(
l
N−m
)
e−iχt(m−
N
2 )
2
. When Al-
ice and Bob measure JˆAα and Jˆ
B
β respectively, the prob-
ability with which they find the eigenvalues kaα and k
b
β is
given by
P (kaα, k
b
β |JˆAα , JˆBβ ) =
N∑
na=0
∣∣∣∣〈na − 2kaα2 , na + 2kaα2 |
⊗ 〈N − na − 2k
b
β
2
,
N − na + 2kbβ
2
|φ〉
∣∣∣∣∣
2
(27)
This probability can be efficiently calculated using Eqs.
(25) and (26).
C. Results
We consider the violation of Ineq. (5) which uses
two settings and two outcomes per party. While many
strategies can be used to bin the measurement results,
we could only find a violation for the parity binning,
which corresponds to the measurement of (−1)JˆAθA,φA
for Alice and (−1)JˆBθB,φB for Bob. We present results
obtained in this case below.
First, we fix the total number of spins N and we
optimize the value of (5) over the measurement set-
tings for various values of χt. The result is shown
in Fig. 2 for N = 6 and N = 10. For low χt, the
violation increases until a value which depends on
the number of atoms and then goes down whereas in
the extreme squeezing regime the violation can go higher.
2 80 10020 40 60
2
2 2
2.6
2.3
N
C
H
S
H
Figure 3: Violation of the inequality (5) for a spin squeezed
state |φ〉 with χt = pi
2
as a function of the total number of
atoms N.
We further investigate the extreme squeezing case
where χt = pi/2. Remarkably the violation increases
with the atom number and seems to saturate very
close to the maximum value achievable by quantum
states 2
√
2, see Fig. 3. This implies that it is possible
to self test a singlet state and Pauli measurements
with collective observables. Although this result is
unexpected, it is extremely challenging if not completely
out of reach experimentally as the maximally squeezed
state corresponds to a GHZ state when χt = pi/2.
We thus focus on the regime where χt is small,
which is the most relevant regime in practice. We fix
χt = 0.006 corresponding to a Wineland squeezing
parameter 10 log ξ2 = 10 dB for N = 500 atoms where
ξ2 =
N(∆JˆA⊥)
2
〈JˆAx 〉2
[34, 35], JˆA⊥ corresponding a projection
along the squeezing direction (before splitting). The
resulting violation increases as a function of the atom
number, as shown in Fig. 4.
IV. CONCLUSION
We investigated the possibility of detecting bipartite
nonlocality in many-body systems. We devoted a special
72 20 40 8060 100
2
2.05
2.1
N
C
H
S
H
Figure 4: Violation of CHSH for a small χt = 0.006 which
correspond to 10 dB of squeezing at 500 atoms. The violation
is plotted with respect to the total atom number.
attention to the experimental realization by considering
realistic measurements. In particular, we focused on col-
lective measurements only where spins are all measured
in the same direction locally. We showed numerical re-
sults suggesting that no-Bell inequality with first order
correlators can be violated whenever such measurements
act of N ≥ 2 spins. We then proved that the CHSH-Bell
inequality can be violated with collective measurements
as long as parity measurements can be performed. This
suggests that parity measurements is a key ingredient –
even maybe necessary – to reveal bipartite correlations
in many-body systems with Bell inequalities.
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8Appendix A: Complete list of facets for the local
polytope in the Bell scenario [(2, 2, 2, 2), (2, 2, 2, 2)]
The local polytope for two parties and four binary set-
tings per party was recently solved in [21]. This work
demonstrates that the polytope admits 175 classes of
inequalities, up to permutations of parties, inputs and
outputs, but it does not provide a description of these
inequalities. Still, some of them can be found in the
litterature. First, the positivity constraint, stating that
probabilities are larger than 0, is known to be a (trivial)
facet of every local polytope. Nontrivial Bell inequalities
involving fewer than 4 settings for each party also give
rise to lifted Bell inequalities in this scenario. This in-
cludes the CHSH inequality [18], I3322 [20], as well as the
three I1,2,34322 inequalities [23].
But several inequalities using four measurements set-
tings per party were also already known. Such is the case
for A5, A6, A7, AS1, AS2, AII1, AII2 and the I
i
4422 in-
equalities with i ∈ {1, . . . , 20} [23–28], as well as the J i4422
inequalities with i ∈ {1, . . . , 129} from [29] and the sym-
metric Si242 inequalities with i ∈ {1, . . . , 52} from [30].
Some of these inequalities are equivalent to each other,
thus forming altogether 163 distinct families.
Noticing that randomly changing a few coefficients of
a Bell inequality typically results in a non-facet defining
Bell inequality with high rank, we used the algorithm
given in section 2.3 of [30] to find tight facets below
such inequalities for a number of random modifications of
these 163 inequalities. This allowed us to discover a few
additional inequalities, which were completed by a list
of inequalities found independently by N. Brunner [31].
We refer to these additional 12 inequalities as N i4422 with
i ∈ {1, . . . , 12}. Altogether, this provides a complete list
of 175 families of tight Bell inequalities, which we present
here.
A Bell inequality for m = 4 binary settings is defined
by 25 parameters. Following the main text we use the
correlation picture with outcomes ai, bj ∈ {−1, 1}. A
Bell inequality can then be written as
B = δ +
4∑
i=1
αi〈ai〉+
4∑
j=1
βj〈bj〉+
4∑
i,j=1
γij〈aibj〉 ≥ 0
or equivalently, in table format
B =

` β1 β2 β3 β4
α1 γ11 γ12 γ13 γ14
α2 γ21 γ22 γ23 γ24
α3 γ31 γ32 γ33 γ34
α4 γ41 γ42 γ43 γ44

≥ 0, (A1)
In the main text we used v′ai = −αi, v′bj = −βj , w′ij =
−γij and ` = δ.
The coefficients of the 175 classes of inequalities are
given in table I together with the name under which they
have been referred to earlier in the litterature. The are
also provided in electronic format online [36]. The first 6
inequalities are liftings from simpler Bell scenarios, after
which come 169 inequalities which truly involve all four
settings of both parties.
Table I: List of I4422 inequalities
# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44 short name
1 1 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 positivity
2 2 0 0 0 0 0 1 1 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 CHSH
3 4 1 1 0 0 1 1 1 1 0 1 1 1 -1 0 0 1 -1 0 0 0 0 0 0 0 I3322
4 5 1 1 1 0 1 1 1 1 0 0 1 0 -1 0 0 1 -1 0 0 0 0 1 -1 0 I24322
5 6 0 0 0 0 1 1 1 1 0 1 -1 -1 -1 0 0 1 1 -2 0 0 1 -1 0 0 I34322
6 6 2 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -1 1 0 1 1 -1 -1 0 I14322
7 6 0 0 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -2 0 0 1 -1 0 0 AS1
8 6 1 1 0 0 0 1 -1 1 1 0 1 -1 1 -1 0 1 0 -1 0 0 0 1 1 0 I54422
9 6 1 1 0 0 1 1 1 1 0 1 1 0 -1 1 0 1 -1 -1 -1 0 0 1 -1 0 A5
10 6 2 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -1 0 1 1 1 -1 0 -1 I34422
11 7 1 1 1 0 1 1 1 0 1 1 1 0 1 -1 1 -1 1 1 0 0 0 1 -1 -2 I164422
12 7 1 1 1 0 1 1 1 0 1 0 1 -1 -1 1 0 1 0 -1 -2 0 0 1 -1 0 J444422
13 7 1 1 1 0 1 1 1 1 0 0 1 1 -1 1 0 1 1 -1 -1 0 2 -2 0 0 J254422
14 7 1 1 1 0 1 1 1 1 2 1 1 1 0 -1 1 1 0 1 -1 0 0 1 -1 0 I74422
15 7 2 1 1 1 2 1 1 1 1 1 1 1 0 -1 1 1 0 -1 1 1 1 -1 1 0 A6
16 7 2 2 1 0 2 1 1 1 1 2 1 1 1 -1 1 1 1 -1 0 0 1 -1 0 0 A7, I
1
4422
17 8 1 1 0 0 1 1 0 1 1 1 0 1 -1 -1 0 1 -1 -3 1 0 1 -1 1 -1 J604422
18 8 1 1 0 0 1 1 1 1 2 1 1 0 1 -1 0 1 1 1 -1 0 2 -1 -1 0 AII1
19 8 1 1 0 0 1 2 1 1 1 1 0 1 -1 -1 0 2 -1 -1 0 0 1 0 1 -2 J434422
20 8 1 1 0 0 1 2 1 2 0 1 1 2 -2 0 0 1 -1 -1 1 0 1 -1 -1 -1 I24422
21 8 1 1 1 1 1 1 2 1 -1 1 2 -2 1 0 1 1 1 0 1 1 -1 0 1 1 I144422
Continued on the next page. . .
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# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44 short name
22 8 1 1 1 1 1 2 1 -1 1 1 1 1 1 0 0 1 -1 1 -1 0 1 -2 0 1 J694422
23 8 1 1 1 1 1 2 1 1 -1 1 1 2 -1 1 0 1 -1 -1 1 0 1 -1 0 0 AII2
24 8 2 1 1 0 1 1 2 -1 1 1 1 1 0 -1 0 1 -1 -1 1 0 1 -1 -1 -1 J744422
25 8 2 1 1 0 2 1 1 1 1 1 1 -2 1 -1 1 1 1 0 -1 0 1 -1 -1 1 I154422
26 8 2 1 1 0 2 1 1 1 1 1 1 2 -1 -1 1 1 -1 0 -1 0 1 -1 -1 1 I134422
27 8 2 1 1 0 2 1 2 1 2 1 1 -1 1 0 1 1 1 0 -1 0 1 -1 -1 1 J64422
28 8 2 1 1 0 2 1 2 2 1 1 1 1 -1 0 1 1 -1 1 0 0 1 -1 -1 1 J14422
29 8 2 2 0 0 0 1 -1 1 1 0 1 -1 1 -1 0 1 -1 -1 1 0 1 -1 -1 -1 I64422
30 8 2 2 0 0 2 1 1 1 1 2 1 1 -1 -1 0 1 -1 1 -1 0 1 -1 -1 1 I44422
31 9 1 1 1 0 1 -3 2 1 1 1 2 1 1 1 1 1 1 0 -1 0 1 1 -1 1 J264422
32 9 1 1 1 0 1 -1 2 1 1 1 2 1 0 2 1 1 0 1 -1 0 1 2 -1 -2 I124422
33 9 1 1 1 0 1 1 1 1 0 0 2 -1 -2 1 0 1 -2 2 1 0 1 -1 0 -2 J634422
34 9 1 1 1 0 1 1 1 2 1 0 2 1 -2 1 0 1 -1 1 -1 0 1 -2 0 1 J754422
35 9 1 1 1 0 1 1 1 2 1 1 1 1 2 -1 1 2 2 -3 0 0 1 -1 0 0 J324422
36 9 1 1 1 0 1 2 1 1 1 1 -2 2 1 0 1 2 1 0 -2 0 1 1 -1 1 J234422
37 9 1 1 1 0 1 2 1 1 1 1 -1 1 2 1 1 1 1 0 -1 0 1 -2 2 -1 J664422
38 9 1 1 1 0 1 2 1 1 1 1 1 1 1 -2 1 -1 2 1 1 0 1 1 -2 0 I114422
39 9 1 1 1 0 1 2 2 -2 1 1 1 1 2 1 1 1 1 1 -2 0 1 -1 0 0 J814422
40 9 2 1 0 0 1 2 1 1 1 1 2 1 1 -1 1 2 1 -2 0 0 2 -2 0 0 J714422
41 9 2 1 0 0 1 2 1 1 1 1 1 1 1 -2 1 1 1 -1 0 0 2 -2 -1 -1 J884422
42 9 2 1 0 0 1 2 1 1 1 1 2 1 1 -1 1 1 1 -1 0 0 3 -2 -1 0 J334422
43 9 2 1 1 1 1 2 1 1 -1 1 2 1 -1 1 1 0 -1 1 1 0 2 -2 0 0 J544422
44 10 0 0 0 0 0 2 2 1 1 0 2 -1 -1 -2 0 1 -1 -2 2 0 1 -2 2 1 AS2
45 10 1 1 0 0 0 2 -1 2 1 0 1 -1 -2 2 0 1 -2 -1 -2 0 1 1 -1 -1 J1114422
46 10 1 1 0 0 1 1 2 1 1 1 2 0 -2 -1 0 1 -2 1 2 0 1 -1 2 -2 I174422
47 10 2 0 0 0 1 2 1 1 1 1 2 1 0 -2 1 2 0 -2 1 1 2 -2 1 0 J1184422
48 10 2 0 0 0 1 2 2 2 1 1 2 -1 -1 -1 1 1 1 -2 1 1 1 -2 1 1 J144422
49 10 2 1 1 0 2 1 2 2 1 1 2 -1 1 -1 1 2 1 -2 0 0 1 -1 0 2 I84422
50 10 2 1 1 0 2 2 2 1 1 1 1 -1 2 -1 1 2 0 -2 -1 0 1 -2 0 1 J374422
51 10 2 1 1 0 2 2 2 1 1 1 2 1 -1 -1 1 0 -1 1 -1 0 2 -3 0 1 J204422
52 10 2 2 0 0 2 2 2 1 1 2 1 1 -1 -1 0 2 -2 1 -1 0 1 1 -1 -1 N104422
53 10 2 2 1 1 2 1 1 1 1 0 2 -1 1 -2 0 2 -1 -2 1 0 1 -1 1 1 N44422
54 10 3 1 0 0 2 2 1 2 1 2 1 1 -1 -1 1 2 -1 1 -1 1 2 0 -2 1 J94422
55 10 3 1 1 1 3 2 2 2 1 1 2 -1 1 -1 1 2 1 -2 0 1 1 -1 0 1 I94422
56 11 1 1 1 0 1 2 2 -1 2 0 1 1 -2 -4 0 1 -1 1 -1 0 1 -1 -1 1 J824422
57 11 2 1 0 0 1 2 -1 2 2 1 2 -1 1 -3 1 1 1 -1 0 0 1 -2 -2 1 J674422
58 11 2 1 1 1 1 3 -2 1 1 1 1 1 -1 2 1 1 1 1 0 0 3 1 -2 -2 J514422
59 11 2 1 1 1 1 3 -2 1 1 1 2 1 -1 1 1 1 1 2 -1 0 2 1 -1 -2 N74422
60 11 2 1 1 1 2 1 2 2 1 1 2 2 -1 -2 1 1 1 -1 2 1 2 -2 1 0 J24422
61 11 2 1 1 1 2 1 2 2 1 1 2 -3 1 1 1 2 1 -1 -1 1 1 1 -1 2 J1024422
62 11 2 1 1 1 2 2 1 1 2 1 3 1 1 -2 0 2 -2 -1 1 0 1 1 -2 0 J874422
63 11 2 1 1 1 2 2 1 1 2 1 3 1 1 -2 0 3 -2 -2 1 0 0 1 -1 0 J834422
64 11 2 1 1 1 2 2 2 1 1 1 1 -2 2 0 0 2 -1 -1 -2 0 1 -2 -1 2 J1124422
65 11 2 1 1 1 2 2 2 1 1 1 1 -1 2 -1 0 2 -2 -1 -1 0 1 2 -1 -2 J944422
66 11 2 1 1 1 2 2 2 2 0 1 2 1 -1 1 0 3 -3 1 -1 0 1 1 -1 -1 J244422
67 11 2 2 1 0 2 2 1 1 2 2 1 1 2 -2 1 1 2 -1 -1 0 2 -2 -1 -1 I104422
68 11 3 1 1 0 2 2 1 2 1 1 3 -2 1 -1 1 3 1 -2 1 1 1 1 0 -1 J354422
69 11 3 1 1 0 2 2 2 2 0 1 2 1 -1 1 1 2 1 -1 -1 1 3 -3 1 0 J364422
70 12 1 1 0 0 1 -1 2 2 2 1 2 1 -1 -1 0 2 -1 -2 3 0 2 -1 3 0 J224422
71 12 1 1 0 0 1 -1 2 2 2 1 2 1 -1 -1 0 2 -1 4 -1 0 2 -1 -1 2 J614422
72 12 1 1 0 0 1 3 1 2 1 1 1 3 -2 -1 0 2 -2 -2 -2 0 1 -1 -2 2 J274422
Continued on the next page. . .
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# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44 short name
73 12 1 1 1 1 1 -2 1 3 1 1 2 2 1 0 0 2 -2 2 -2 0 1 -2 1 2 J724422
74 12 1 1 1 1 1 2 -1 -2 2 1 -2 2 1 2 1 1 -2 3 1 1 2 2 1 0 J414422
75 12 1 1 1 1 1 -2 3 1 1 1 2 1 1 1 0 2 2 -3 -1 0 1 1 2 -2 J764422
76 12 1 1 1 1 1 -1 2 -2 2 1 2 3 1 -1 1 -2 1 3 1 1 2 -1 1 1 J624422
77 12 1 1 1 1 1 2 -3 3 1 1 1 2 1 1 0 2 -1 -2 1 0 2 1 1 -2 J1064422
78 12 1 1 1 1 1 2 3 1 -1 1 -2 1 3 1 0 2 -2 2 -2 0 1 -1 1 1 J1264422
79 12 1 1 1 1 1 2 3 2 -2 1 1 1 1 2 0 2 -2 1 -1 0 2 1 -3 0 J774422
80 12 2 1 1 0 1 1 -2 3 1 1 2 1 1 -1 0 2 -2 -2 2 0 1 -2 -1 -2 J1164422
81 12 2 1 1 0 1 2 2 -1 2 1 2 1 1 -1 0 3 -3 -1 1 0 1 1 -2 -2 J504422
82 12 2 1 1 0 2 0 2 2 2 1 2 -1 2 -2 1 2 1 -1 -1 0 2 -1 0 3 J164422
83 12 2 1 1 0 2 0 2 2 2 1 2 1 -1 -1 1 2 -1 1 -1 0 2 -1 -1 4 J194422
84 12 2 1 1 0 2 1 2 3 2 1 2 2 -2 1 1 2 -1 1 -1 0 1 -2 -1 2 J44422
85 12 2 1 1 0 2 2 2 1 1 1 2 -1 -2 -2 1 1 -2 3 -1 0 1 -2 -1 2 J424422
86 12 2 1 1 0 2 2 3 1 2 1 3 -2 1 1 1 1 1 1 -2 0 2 1 -2 -1 J904422
87 12 2 1 1 0 2 2 3 2 1 1 3 -4 1 1 1 2 1 -1 -1 0 1 1 -1 1 J584422
88 12 2 2 1 1 2 2 2 1 -1 2 2 0 -2 2 1 1 -2 3 1 1 -1 2 1 1 J174422
89 12 3 1 0 0 2 2 1 2 1 2 1 2 -2 -1 1 2 -1 1 -3 1 2 -1 -1 1 J344422
90 12 3 1 0 0 2 3 1 3 1 2 2 2 -2 0 1 2 -1 -1 1 1 2 -1 0 -2 J1214422
91 12 3 1 1 1 2 2 3 1 -2 2 2 1 -1 2 2 2 -2 2 0 0 1 -1 -1 -1 J594422
92 12 3 1 1 1 3 1 2 2 2 1 2 -2 -1 2 1 2 -1 1 -1 1 2 2 -1 0 I194422
93 12 3 2 1 0 3 2 2 1 2 2 1 2 -1 -2 1 2 -1 1 -1 0 2 -1 -2 1 J314422
94 12 4 1 1 0 3 2 2 1 2 2 2 -2 1 -1 2 2 2 0 -2 1 2 -1 -1 1 J74422
95 12 4 1 1 0 3 2 2 1 2 2 2 -1 2 -1 2 2 1 -1 -2 1 2 -1 -1 1 J84422
96 12 4 1 1 0 3 2 2 2 1 2 2 2 -1 -1 2 2 -2 1 -1 1 2 -1 -1 1 J304422
97 12 4 2 0 0 3 2 2 2 1 3 2 2 -2 -1 1 2 -1 1 -1 1 2 -1 -1 1 J114422
98 12 4 2 1 1 4 2 2 2 2 2 2 2 -1 -1 1 2 -1 1 -1 1 2 -1 -1 1 I204422
99 13 1 1 1 0 1 -3 2 3 1 1 2 -1 2 -2 1 3 2 1 1 0 1 -2 1 2 J1104422
100 13 1 1 1 0 1 2 1 2 2 1 -2 3 1 -1 1 3 1 0 -3 0 2 2 -2 2 J704422
101 13 1 1 1 0 1 2 3 -2 2 1 2 1 1 -3 1 1 1 3 2 0 2 -2 -1 1 J934422
102 13 2 1 0 0 1 2 2 2 1 1 2 1 -2 2 1 3 1 -1 -2 0 3 -3 1 1 J1074422
103 13 2 1 1 1 1 2 2 -1 2 1 -1 -2 2 2 1 2 1 1 -1 0 3 -4 -1 0 J454422
104 13 2 1 1 1 1 2 2 2 -1 1 3 -2 1 1 1 0 2 -1 2 0 3 1 -3 -1 J474422
105 13 2 1 1 1 2 0 2 2 2 1 2 -3 3 -1 1 2 3 1 -1 1 2 -1 -1 1 J284422
106 13 2 1 1 1 2 1 2 1 2 1 2 -3 3 -1 1 1 3 1 -2 1 2 -1 -2 0 J864422
107 13 2 2 1 0 2 3 2 2 1 1 1 2 -1 -1 0 2 1 -2 1 0 4 -3 0 -1 J484422
108 13 3 1 1 0 2 2 -3 2 1 2 2 3 1 2 2 1 2 1 -2 1 2 -1 -1 -1 J154422
109 13 3 1 1 0 2 2 3 -1 2 2 2 1 1 -2 1 2 -2 -1 2 0 1 -1 -2 -2 J1224422
110 13 3 2 1 1 3 2 2 2 1 1 2 2 -1 -2 1 2 1 -1 1 0 3 -3 1 -1 N34422
111 13 4 1 0 0 2 3 1 2 2 2 2 1 1 -2 2 2 1 -2 1 1 3 -2 -1 -1 N24422
112 14 2 1 1 0 1 2 2 -1 2 1 3 1 1 -2 0 3 -3 -2 2 0 0 1 -3 -2 J1294422
113 14 2 1 1 0 1 2 3 -1 3 1 -1 2 2 -2 1 3 1 -1 -4 1 2 -1 1 1 J804422
114 14 2 1 1 0 1 3 1 -1 4 1 2 1 1 -1 0 2 2 -2 -2 0 3 -3 -1 -1 J644422
115 14 2 1 1 0 1 3 2 -1 3 1 2 1 1 -1 0 2 2 -2 -2 0 3 -4 -1 0 J684422
116 14 2 1 1 0 2 2 2 3 1 1 2 -2 -1 -2 1 1 3 -3 0 0 1 -2 -2 3 J784422
117 14 2 1 1 0 2 3 3 2 2 1 3 -2 1 1 1 2 1 1 -3 0 2 1 -3 0 S51242
118 14 2 2 1 1 2 2 1 2 1 1 2 3 -2 -2 1 1 1 -2 3 0 3 -3 -1 -1 J994422
119 14 2 2 1 1 2 3 2 2 -1 2 2 0 2 2 1 2 2 -4 1 1 -1 2 1 -1 S52242
120 14 2 2 1 1 2 3 2 2 -1 2 2 3 -1 2 0 4 -4 -1 1 0 1 1 -1 -1 J1244422
121 14 3 2 1 0 3 1 3 3 2 2 2 2 -2 0 1 2 -1 1 -1 0 2 -2 -1 3 J214422
122 14 4 1 1 0 3 3 3 1 2 2 3 1 -1 -3 2 2 -2 2 0 1 2 -1 -1 1 J1274422
123 14 4 2 1 1 4 2 2 2 2 2 2 1 -2 -1 1 2 -2 -1 2 1 2 -1 2 -2 I184422
Continued on the next page. . .
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# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44 short name
124 14 4 2 1 1 4 2 3 3 2 2 2 2 -2 0 1 2 -2 -1 2 1 2 -1 1 -1 J54422
125 14 4 2 2 0 3 2 2 1 2 3 2 1 2 -2 1 3 1 -2 -1 1 3 -2 1 1 N64422
126 15 2 1 1 1 1 2 2 2 -1 1 4 -3 1 1 1 1 2 -1 3 0 3 2 -3 -2 J464422
127 15 2 1 1 1 2 1 3 3 1 1 3 -2 2 -2 1 3 2 -3 1 1 1 -2 1 3 J1084422
128 15 2 1 1 1 2 2 3 2 1 1 4 -3 1 1 0 3 2 -2 -3 0 1 1 -2 2 J894422
129 15 2 1 1 1 2 3 2 2 1 1 1 -2 -1 3 0 3 -2 -3 -2 0 1 -3 3 -1 J964422
130 15 2 1 1 1 2 3 3 1 1 1 3 -2 2 2 0 3 -1 1 -3 0 3 -1 -3 1 J1174422
131 15 2 2 1 0 2 2 3 2 1 1 2 0 -1 -2 0 3 -4 -1 2 0 1 3 -3 1 J394422
132 15 2 2 2 1 2 2 2 3 -1 1 -3 -1 3 2 1 4 -3 1 1 1 1 2 -1 1 J534422
133 15 3 2 1 1 2 3 2 -1 2 2 2 3 2 -1 1 4 -4 1 0 0 2 1 -1 -2 J574422
134 15 3 2 1 1 2 3 2 2 -1 2 0 2 -2 2 1 3 -2 1 1 0 3 0 -4 -1 J554422
135 15 3 2 1 1 2 3 2 2 -1 2 1 2 -1 2 1 4 -3 1 1 0 3 1 -3 -1 J564422
136 15 3 2 1 1 3 1 3 3 2 2 2 3 -2 1 1 2 -3 -1 3 1 2 -1 1 -1 J34422
137 15 3 2 2 0 3 3 2 3 1 1 4 -3 1 -1 1 1 2 -1 -1 0 3 1 -3 1 J494422
138 15 4 2 1 0 3 2 2 2 1 2 3 2 -1 -2 1 4 -3 1 -1 1 3 1 -1 2 N94422
139 16 1 1 1 1 1 2 -3 2 4 1 2 3 1 1 0 2 -2 3 -3 0 3 -1 -3 -1 J984422
140 16 2 1 1 0 2 2 3 2 1 1 3 -4 -1 3 1 2 -1 -1 -3 0 1 3 -3 1 J854422
141 16 2 2 1 1 2 2 4 2 -2 2 1 2 2 3 1 3 -4 3 -1 1 2 0 -2 1 J794422
142 16 2 2 1 1 2 2 4 2 -2 2 2 1 -1 2 1 3 -4 3 -1 1 -1 1 3 2 J1194422
143 16 2 2 1 1 2 2 3 4 -1 2 3 -1 2 2 1 4 2 -4 -1 1 -1 2 -1 1 J1254422
144 16 2 2 1 1 2 4 2 2 -2 2 2 1 2 3 1 2 2 -4 1 1 -2 3 1 -1 J1054422
145 16 3 1 1 1 2 3 3 3 -1 1 4 -5 1 -1 1 2 1 -1 1 0 2 2 -2 -2 J654422
146 16 3 1 1 1 3 3 2 3 1 1 2 -2 -2 3 1 3 -2 -1 -3 1 1 3 -3 0 J1134422
147 16 3 2 1 0 2 4 2 -2 2 2 2 1 3 2 2 1 2 1 -2 0 4 -3 1 -2 J1014422
148 16 4 1 1 0 2 3 2 1 2 2 3 1 2 -2 1 4 1 -3 -1 1 4 -3 1 1 J1284422
149 16 5 1 1 1 3 3 3 1 -2 3 3 1 -2 3 3 3 -2 3 1 1 2 -1 -1 -1 N114422
150 16 5 2 2 1 5 3 3 2 3 2 3 -2 2 -1 2 2 2 0 -2 1 3 -1 -2 1 J134422
151 17 1 1 1 0 1 -3 2 4 2 1 2 3 1 -3 1 4 1 1 3 0 2 -3 3 -2 J914422
152 17 2 1 1 1 2 2 2 3 1 1 2 -3 -2 4 1 3 -2 -1 -3 1 1 4 -3 1 J924422
153 17 2 2 1 0 2 3 -1 3 3 1 1 2 -1 -1 0 2 -2 -2 2 0 2 -3 1 -6 J524422
154 17 3 1 1 0 2 2 -2 4 2 2 3 2 1 -2 1 3 -2 -3 3 0 1 -3 -1 -3 J1154422
155 17 3 2 2 0 3 3 3 2 1 1 4 2 -3 -2 1 0 -1 2 -2 0 4 -4 1 1 J384422
156 18 2 2 1 1 2 -1 3 -3 3 2 3 2 2 -1 1 -3 1 5 2 1 3 -2 1 3 J404422
157 18 3 1 0 0 2 3 -1 4 4 2 3 -1 2 -4 2 2 2 -3 1 0 1 -3 -3 1 J844422
158 18 3 1 1 1 2 2 2 4 -2 2 3 4 -4 -1 2 1 2 2 3 2 3 -3 -1 1 J954422
159 18 3 2 1 0 3 3 2 3 1 2 1 4 -4 -1 1 3 -2 -1 -3 0 2 -2 -3 3 J1204422
160 18 3 2 2 1 3 0 3 3 -3 2 3 2 -1 2 2 3 -2 2 1 1 -3 1 2 5 J184422
161 18 3 2 2 1 3 1 2 3 3 2 2 2 4 -2 2 3 4 -4 -1 1 3 -2 -1 1 J294422
162 18 3 2 2 1 3 3 2 1 3 2 4 2 2 -2 1 -5 4 3 -1 0 1 2 -2 -1 J1144422
163 18 4 2 1 1 2 3 2 2 -1 2 2 2 -1 3 1 4 2 -3 -2 1 5 -4 1 1 N84422
164 18 4 2 1 1 3 2 3 3 1 2 4 2 -2 -2 2 2 1 -2 3 1 4 -4 2 1 J1034422
165 18 4 2 1 1 3 3 2 3 1 2 4 2 -2 2 1 3 2 -1 -3 0 4 -4 1 -1 N14422
166 18 5 2 1 0 3 3 2 3 1 2 4 2 -2 2 2 3 2 -1 -2 1 5 -4 1 -1 J1234422
167 18 6 2 1 1 5 3 3 3 2 3 3 2 -3 -1 2 3 -2 -1 2 2 3 -1 2 -2 J104422
168 18 6 2 2 2 6 3 3 3 3 2 3 2 -1 -2 2 3 -1 -2 2 2 3 -2 2 -1 J124422
169 19 2 2 1 0 2 3 2 1 2 1 -2 3 -3 -3 1 4 -1 2 -4 1 -3 2 5 -1 J734422
170 19 2 2 2 1 2 5 2 2 -3 2 2 2 1 3 1 -3 2 4 -2 0 2 -4 3 1 J1004422
171 20 2 2 1 1 2 4 2 5 -1 1 3 2 -2 2 1 -4 5 1 1 0 3 3 -3 -3 N124422
172 20 3 2 1 0 3 2 3 3 1 2 3 -1 -2 -4 1 3 -2 -4 4 0 1 -4 4 1 J974422
173 21 3 2 1 1 3 4 5 3 -3 2 2 2 2 4 1 3 2 -5 1 1 4 -3 1 -1 N54422
174 23 2 2 2 1 2 2 6 2 -4 2 3 2 1 4 1 3 -4 5 -3 0 4 -2 -4 -2 J1044422
Continued on the next page. . .
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Table I: continued
# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44 short name
175 24 2 2 1 1 2 6 2 -4 2 2 2 1 5 4 1 -4 5 -3 3 1 2 4 3 -4 J1094422
